We consider the dynamical atom-surface Casimir-Polder force in the non-equilibrium configuration of an atom near a perfectly conducting wall, initially prepared in an excited state with the field in its vacuum state. We evaluate the time-dependent Casimir-Polder force on the atom, and find that it shows an oscillatory behavior from attractive to repulsive both in time and in space. We also investigate the asymptotic behavior in time of the dynamical force and of related local field quantities, showing that the static value of the force, as obtained by a time-independent approach, is recovered for times much larger than the timescale of the atomic self-dressing, but smaller than the atomic decay time. We then discuss the evolution of global quantities such as atomic and field energies, and their asymptotic behavior. We also compare our results for the dynamical force on the excited atom with analogous results recently obtained for an initially bare ground-state atom. We show that new relevant features are obtained in the case of an initially excited atom, for example much larger values of the dynamical force with respect to the static one, allowing for an easier way to single-out and observe the dynamical Casimir-Polder effect.
I. INTRODUCTION
One of the most surprising consequences of quantum electrodynamics is the emergence of long-range interactions between neutral macroscopic objects and/or atoms/molecules, originating from quantum zero-point vacuum fluctuations or exchange of field quanta [1] [2] [3] . In fact, the presence of boundaries, given for example by neutral macroscopic bodies and/or atoms, modifies the vacuum field fluctuations. This results in a measurable force between them, known as Casimir and CasimirPolder force. Casimir and Casimir-Polder forces have stimulated intense theoretical and experimental investigations since their discovery, and many theoretical models have been proposed in the literature, highlighting fundamental properties such as their dependence on the shape and magnetodielectric properties of the interacting objects [4, 5] or magnetic effects [6] . Recent experiments have confirmed with remarkable accuracy the theoretical predictions under a broad range of conditions such as temperature, geometry and dielectric properties of the objects [7] , although some fundamental open ques-tions pose theoretical and experimental challenges [8, 9] . Nowadays, it is recognized that Casimir and CasimirPolder effects play an important role in many different areas of physics, ranging from atomic physics [3] and molecular biophysics [10] , to cosmology [11] . Being dominant at nanoscale separations, Casimir forces have also a significant role in the interaction with nanostructured materials [12] and in applications in micro-and nanotechnologies, for example microelectromechanical devices [13] .
New effects appear when a boundary, such as a reflecting or dielectric plate, is set in motion with a nonuniform acceleration: in this case a dynamical Casimir effect is set up and pairs of real photons are produced in a sort of parametric excitation of the vacuum [14, 15] . A dynamical Casimir-Polder effect resulting from the optomechanical coupling of an oscillating reflecting plate and a dilute gas of Rydberg atoms has been also recently proposed [16] . Even if an analogous of the dynamical Casimir effect has been observed in the context of superconducting circuits [17] and Bose-Einstein condensates [18] , the experimental observation of the dynamical Casimir effect due to an oscillating macroscopic boundary is still a challenge, because very high oscillation frequencies are necessary to obtain a measurable number of real photons. Alternative schemes have been recently proposed, where the mechanical motion of the boundary is replaced by a suitable modulation of the optical properties of a cavity boundary [19] .
New features occur in the dynamical Casimir-Polder effect between two atoms [20] or between an atom and a conducting mirror [21, 22] . A dynamical CasimirPolder force may originate from many different nonequilibrium physical conditions, for example a dynamical self-dressing due to a nonequilibrium initial state, a popolation-induced dynamics related to atomic spontaneous decay, motion of the atoms or of the macroscopic bodies or even a time-dependent change of the matterradiation coupling due, for example, to changes of dielectric properties of a macroscopic body. All these situations are basically different from the dynamical Casimir effect, because the creation of real photons from the vacuum is not directly involved. In the case of dynamical self-dressing, the system evolves from a non-equilibrium quantum state such as a bare or partially dressed ground state of the atom, and the atom-wall Casimir-Polder force has a temporal evolution with new peculiarities with respect to the static case, such as temporal oscillations, including possibility of transient repulsive forces. Such a scenario occurs also when some parameter involved in the system Hamiltonian changes instantaneously, for example a sudden change of the atomic transition frequency induced by Stark shift through an external electric field suddenly switched on or off. In this case, the state of the system before the change is no longer an eigenstate of the new Hamiltonian, and thus a time-evolution of the Casimir-Polder force is obtained [22] . Very recently these studies have been extended to the cases of a real surface, where the excitation of surface plasmons plays an important role in the dynamical interaction [23] or to the case of an atom in a cavity with a dielectric medium [24] or a chiral molecule near a chiral plate [25] . All these studies show that, in the dynamical case, the CasimirPolder force can be much stronger compared with the static case around the round-trip time, that is the time taken by a light signal emitted by the atom to go back to the atom after reflection on the plate; they also highlight a new transient repulsive character (on the contrary, static electric atom-surface Casimir-Polder forces are attractive). A dynamical Casimir-Polder force has been also considered in the case of a ground-state atom moving near a flat polarizable surface [26] , as well as related dynamical effects due to a fluctuating motion of a wall [27] . All these investigations, which have considered atoms or molecules initially in their bare or partially dressed ground states [28] , clearly show that dynamical (time-dependent) aspects yield new observable features in Casimir-Polder interactions.
In this paper, we investigate the dynamical CasimirPolder force between an atom and a perfectly conducting plate when the atom is initially in an excited state. This non-equilibrium configuration shows new relevant features compared to the case of a ground-state atom, due to the presence of an atom-field resonance. The timescales of the dynamical process (dynamical CasimirPolder force and dynamical self-dressing) are given by the inverse of the transition frequency of the atom and by the round-trip time. We use perturbation theory up to second-order in the atom-field coupling, and this limits the validity of our approach to times smaller than the lifetime of the excited atom. We show that the timedependent Casimir-Polder force exhibits oscillations in time and changes from attractive to repulsive depending on time and the atom-wall distance. In the asymptotic limit of long times we correctly recover the known stationary force, given in Refs. [29, 30] for example. Our results for the atomic excited state give more possibilities to make observable the dynamical effect. First, contrarily to the ground-state case, the static atom-wall CasimirPolder force on an excited atom oscillates in space, yielding spatial regions where the force is attractive and regions where the force is repulsive, while it vanishes at well defined atom-wall distances, whose position is related to the atomic transition wavelength. Thus, it is possible to single-out more efficiently the dynamical contribution to the force, by choosing specific atom-wall distances where the static force is zero. Secondly, we show that the dynamical force for the excited atom is much stronger (some orders of magnitude) than the dynamical force for a ground-state atom, using realistic values of the parameters involved. All these new results thus show that considering an initially excited atom, rather than a bare ground-state atom, should be more a convenient setup for the experimental detection of the dynamical Casimir-Polder effect.
This paper is organized as follows. In Sec. II we introduce the model and solve the Heisenberg equations for the field and atomic operators. We then calculate the dynamical Casimir-Polder energy shift for the excited atom up to second-order in perturbation theory as a local atom-field interaction energy, and discuss its asymptotic limit as well as that of global atomic and field quantities. In Sec. III we finally obtain the dynamical force and discuss its physical properties and implications. Sec. IV is devoted to our conclusive remarks.
II. DYNAMICAL ENERGY SHIFT
Let us consider an atom, modeled as a two-level system, located near a perfectly conducting wall and interacting with the quantum electromagnetic field in its vacuum state. We suppose the atom prepared in its excited state at t = 0. The Hamiltonian describing the atom-field interacting system in the multipolar coupling scheme and within the dipole approximation, is [31] 
where ω 0 = ck 0 is the atomic transition frequency, S z , S + and S − the pseudospin operators of the atomic system, and a of the field. µ is the electric dipole moment of the atom and f kj (r) are the field mode functions evaluated at the atomic position. Supposing the wall at z = 0, the mode functions f kj taking into account the boundary conditions on a cubic cavity of side L with a wall in the xy plane, are
where In order to obtain the time-dependent atom-plate Casimir-Polder force, we follow a procedure analogous to that in [21, 22] . We first consider the Heisenberg equations for field and atomic operators, and solve them iteratively at the lowest significant order [32] . We obtain
where we have defined the function
We now calculate the dynamical atom-plate CasimirPolder interaction during the dynamical self-dressing process of the excited atom. Using stationary secondorder perturbation theory, it is possible to show that the second-order energy shift of the overall system can be obtained as
where H I is the time-independent interaction Hamiltonian and |Ψ D is the dressed (i.e. perturbed) state of the system obtained by second-order perturbation theory. This relates the energy shift to the local electromagnetic field felt by the atom at its position. Since we are interested in investigating the time-dependent Casimir-Polder energy shift during the dynamical self-dressing process of the system, we use an appropriate generalization of Eq. (7), that was already used in [21, 22] . We first obtain the interaction Hamiltonian in the Heisenberg representation at the second-order in the coupling H
I (t) using Eq. (5), and then we evaluate its average value on the initial bare state of the system, that in the present case is the atomic excited state and the photon vacuum |Ψ B = |{0 kj }, ↑ . Thus, the time-dependent interaction energy is given by
Our dynamical generalization of (7) assumes that in our quasistatic approach, the time-dependent interaction energy (8) , in analogy to the static case, can be obtained by the local interaction energy between the atom and the field at the specific atomic position. It is worth to note that the overall energy shift of the system is timeindependent due to the unitary time evolution. Nevertheless, as we shall discuss below in more detail, in the limit of large times it gives back the correct expression of the static atom-plate Casimir-Polder force.
Let us now take the atom in its excited state and the field in the vacuum state as initial configuration at t = 0, that is |Ψ B = |{0 kj }, ↑ . In order to evaluate the local interaction energy (8), we first substitute Eqs. (5) into the interaction Hamiltonian (3); after some algebra, we obtain
The dynamical energy shift for the initially excited atom is thus
(10) In the continuum limit, after sum over polarizations and angular integrations, we finally obtain
where z = d is the atom-wall distance, x = 2kd, x 0 = 2k 0 d, and a = ct/2d. Also, we introduced the differential operator D m = (2 − 2∂/∂m + ∂ 2 /∂m 2 ). For simplicity, we have assumed an isotropic atom, i.e µ (11) is time independent, and it coincides with the Casimir-Polder energy shift for an excited atom as obtained with a time-independent approach. The other integral is time-dependent and it is related to the dynamical dressing of the excited atom. The presence of a pole in k = k 0 in the static part takes into account the possibility of emission of a real photon by the excited atom, and it responsible of the well-known oscillatory behavior of the static atom-wall Casimir-Polder force [29, 30] . However, in our dynamical calculation there are not poles in the frequency integration, as the first line of (11) shows.
An explicit evaluation of the time-dependent term in (11) shows (see also next Section) that, after a transient yielding a time-dependent Casimir-Polder interaction, it vanishes asymptotically in time, and the interatomic interaction energy settles to its stationary value. As a result, we correctly recover for t → ∞ the stationary result in [29, 30] . We also notice that the energy shift diverges at the round-trip time, that is when a = 2d/ct = 1, similarly to the ground-state case discussed in [21] . This behaviour is a manifestation of the well-known divergences of the radiation reaction and source fields on the light cone in the case of point-like sources [33] , and their elimination is still an open problem [34, 35] , as well as the presence of divergences of field energy densities near a reflecting surface [36] [37] [38] . For this reason, in the calculation of the dynamical atom-wall Casimir-Polder force in the next section we will consider separately two different temporal regions: t < 2d/c and t > 2d/c, i.e. before and after the back-reaction (or round-trip) time.
There is a conceptually subtle issue about the asymptotic limit t → ∞ that it is worth to stress (it is hereafter understood that our large-times limit in any case considers times shorter than the decay time of the excited state, of course, due to our perturbative approach). Indeed, the asymptotic approach of expectation values of quantities related to the field and the atom to the corresponding stationary values should be not taken for granted. Our result in (11) shows that
where ∆E (2) ↑ (d) is the correspondent stationary value as obtained by the usual time-independent approach. However, a similar relation does not hold for all physical quantities. For example, we can consider the time-dependent expectation values of the atomic energy H I (t) : their sum is constant due to the unitary time evolution and differs from the static one (bare and dressed excited states have a different energy). Thus the average total energy of the interacting system does not settle to its static value for t → ∞, as well as the atomic and field parts separately. However, this is not in contradiction with the fact that the system reaches some local equilibrium configuration, as suggested by (12) . In fact, during the self-dressing of the atom, radiation is emitted by the atom [39] ; for t → ∞ this emitted field moves to very large distances from the atom and thus in this limit it does not contribute to the interaction energy with the atom, while contributing to the total field energy. In other words, local field quantities such as its energy density tend to their stationary values at any finite distance, as confirmed also by calculations of the dynamical Casimir-Polder interaction between two atoms [20] , contrarily to a global quantity such as the total field energy (that takes also into account the field energy density at a very large distance). Then, we may expect that quantities related to the local field energy-density distribution, such as the atom-field interaction, should approach the relative stationary value for t → ∞, as confirmed by our result (12) .
III. DYNAMICAL CASIMIR-POLDER FORCE
In a quasi-static approach, the dynamical CasimirPolder force is obtained by taking the derivative of the interaction energy (11) with respect to the atom-wall distance d and changing its sign
After lengthy algebraic calculation, from (11) and (13) we can write the expression of the dynamical CasimirPolder force as the sum of two terms
where F stat (d) is a time-independent contribution coinciding with the asymptotic limit t → ∞ and F dyn (d, t) is the time-dependent part. The first is given by
where
are the auxiliary functions of the sine and cosine integral functions [40] . It coincides with the static force between an excited atom and a conducting wall, as obtained by a timeindependent approach [28, 29] . The dynamical part is given by
before the round-trip time (t < 2d/c), and
for t > 2d/c, that is after the round-trip time, where Si(x) and Ci(x) are respectively the sine integral and cosine integral functions [40] . As expected from our previous physical considerations, the dynamical Casimir-Polder force indeed diverges on the light-cone t = 2d/c; this is related to the assumptions of a point-like atom (dipole approximation) and a perfectly reflecting mirror, and to our initial condition of a bare state [22] . The divergence would be reduced or smeared out by releasing these assumptions. The dipole approximation and the assumption of a perfect mirror fail at frequencies larger that c/a 0 , a 0 being the Bohr's radius, and the mirror's plasma frequency ω P , respectively. Such large photon frequencies contribute mainly around the round-trip time t = 2d/c. We thus expect that our results are not reliable for a time interval around the roundtrip time of the order of the largest of a 0 /c or ω −1 P (in order that both assumptions are valid), where the contribution of high-frequency modes is more relevant. For an hydrogen atom and using, for example, the numerical value of the plasma frequency of gold ω P ≃ 1.4 · 10 16 s −1 , we obtain that we cannot safely consider times closer than about 7 · 10 −17 s to the singularity at t = 2d/c. This singular behavior can be easily extrapolated from Figures 1 (for t < 2d/c) and 2 (for t > 2d/c). Also, Fig. 1 shows that the force vanishes at t = 0 because of our initial condition of a bare (excited) state. In fact, in the case of an initial bare state, the atom-field interaction is suddenly "switched-on" at t = 0; thus, the atomic dynamical dressing, which includes the effect of the conducting wall and yields the dynamical atom-wall interaction, starts at that time too. If a partially dressed initial state were considered, the force at t = 0 would not be vanishing, as discussed in [22] . The fact that the force is not vanishing before the round-trip time (see Fig. 1 ) is fully consistent with relativistic causality because the atom interacts with the vacuum field fluctuations, which are modified by the presence of the reflecting wall from the outset.
The dynamical force shows evident oscillations in time, switching from repulsive (positive) to attractive (negative), as Figures 1 (for t < 2d/c) and 2 (for t > 2d/c) show. This feature is common to the case of an atom initially prepared in a bare or partially dressed ground state near a perfectly conducting wall [21, 22] or a real surface [23] , and for a chiral molecule [25] . Figure 2 also shows that in the limit t → ∞, the known static value of the force for the excited atom as given by a time-independent approach [29, 30] is recovered. This shows that the internal dynamics of the system, for what concerns with the dynamical Casimir-Polder force and related local field quantities at a finite distance from the atom and the wall, asymptotically (in time) approaches the equilibrium configuration, as already discussed in Sec. II. The static Casimir-Polder force between a mirror and an excited barium ion has been observed, and its oscillating behavior has been experimentally confirmed [41, 42] .
As mentioned, our results are valid for times shorter than the decay time of the excited state, typically of the order of 10 −8 s. The main effects we have obtained for our dynamical case, i.e. the strong increase of the force around the round-trip time and its oscillations, involve much shorter times, typically of the order of 10 −16 s and 10 −15 s, respectively. This shows that the possibility of observing these new effects is fully compatible with the approximations done.
It is worth to compare our results for the excited atom with the results for an initially bare ground-state atom obtained in [21, 28] . Figures 3 show the dynamical force, both before and after the round-trip time, for the two lowest levels of an hydrogen atom when the atom-wall distance is d ≃ 7 × 10 −8 m, where the excited-atom static force has its first maximum. For t < 2d/c, i.e. before the round-trip time (Fig. 3(a) ), the force shows oscillations from attractive to repulsive, that are comparable in size for the two cases. On the other hand, after the round-trip time, i.e. for t > 2d/c (Figures 3(b) and   3(c) ), the intensity of the dynamical force for the excited atom exceeds that for the initially bare ground state by about three orders of magnitude. The physical reason is that in the excited-atom case, there is, compared with the ground-state case, a much stronger contribution from field modes near resonance with the atomic transition frequency. Furthermore, the static force for the excited atom is vanishing at specific atom-wall distances (contrarily to the static force for a ground-state atom that is attractive at all distances), and thus the dynamical term gives the main contribution to the overall atom-wall force around such distances. All this clearly indicates that the case of the excited atom considered in this paper should be more suitable to probe and detect experimentally the time-dependent dynamical Casimir-Polder effect arising from a non-equilibrium initial state. Possible experimental setups for observing the dynamical force could be similar to those already used to observe static vacuum level shifts (van der Waals and Casimir-Polder), or changes of the spontaneous decay, for a single trapped atom or ion in the presence of a conducting or dielectric wall [41] [42] [43] [44] . The trapped atom, for example an alkali atom such as Cs or Rb, is initially laser excited using an optical dipole transition, for example the D 2 line of Rubidium 87, 5
2 D 1/2 → 5 2 P 1/2 at 780 nm [44] : the subsequent dynamical Casimir-Polder interaction of the atom with the plate perturbs the harmonic trapping potential and modify the motion of the atom in the trap. Modification of its oscillation frequency in the trap is a signature of its interaction with the wall. A similar method has been also used to verify the temperature dependence of the static Casimir-Polder potential [45] . Finally, we wish to stress that the intensity of the dynamical Casimir-Polder force could be significantly increased, even by several orders of magnitude, using Rydberg atoms that have high dipole moments (scaling as n 2 with the principal quantum number n [46] ); also, the space and time oscillations of the dynamical force, being determined by k 0 , would be much slower in this case, due to the lower transition frequency, hopefully allowing an easier detection of the transient (repulsive) effects discussed in this paper.
IV. CONCLUSIONS
In this paper we have considered the dynamical (timedependent) Casimir-Polder force between an atom prepared at t = 0 in its excited state and a perfectly conducting wall. We have shown that the dynamical process involves a timescale given by the round-trip time t = 2d/c (d being the atom-wall distance), that is the time taken by a light signal emitted by the atom to reach the atomic position after reflection on the wall. We have evaluated the dynamical force both for times smaller and larger than the round-trip time, and shown that it oscillates in time from attractive to repulsive. The known static force is recovered for t → ∞ and some subtle questions about the asymptotic approach of dynamical field and atomic quantities to their stationary values have been discussed. We have also shown that, in the case considered of an initially excited atom, new features appear with respect to the ground-state case already known in the literature, that could be relevant for the experimental detection of the dynamical effect. In fact, the static Casimir-Polder force for excited atoms vanishes for specific atom-wall distances, where the force changes its character from attractive to repulsive and vice versa, and thus our dynamical contribution is essentially the main one around such points (this does not occur for a ground-state atom, because in this case the force is attractive at any distance). Also, our results show that around and after the roundtrip time, the dynamical contribution to the CasimirPolder force is much greater for the excited atom compared with the known case of a ground-state atom. All these considerations suggest that the dynamical CasimirPolder force on the excited atom considered in this paper should be suitable for an easier detection of the dynamical Casimir-Polder effect.
